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Abstract 
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(Glauber dynamics) may be derived as a scaling limit of a dynamics of 
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1 Preliminaries 

This letter deals with two classes of stochastic dynamics of infinite particle 
systems in continuum. Let T denote the space of all locally finite subsets of 
M. d , d € N. This space is called the configuration space. Elements of T are 
called configurations, and each point of a configuration represents position of a 
particle. We endow T with the vague topology, i.e., the weakest topology in T 
with respect to which every mapping of the form T 3 7 1— * (/, 7) := J2 x e-y f( x )> 
with / E Co(M. d ), is continuous. Here Co(K d ) is the space of all real- valued 
functions on R d with compact support. We denote by B(T) the Borel cr-algebra 

in r. 

A dynamics of hopping particles (Kawasaki dynamics) is a Markov process 
on r whose generator is given (on an appropriate set of functions on T) by 

(L K F)(7)=E / dyc(x,y,<y\x)(F{7\x\Jy)-F(<y)). 

'Institute of Mathematics, National Academy of Sciences of Ukraine, 3 Tereshchenkivska 
Str., Kiev 01601, Ukraine (fdiaimath.kiev.ua) 

tFakultat fur Mathematik, Universitat Bielefeld, Postfach 10 01 31, D-33501 Bielefeld, 
Germany; Department of Mathematics, University of Reading, U.K.; BiBoS, Univ. Bielefeld, 
Germany (kondrat9mathematik .uni-bielef eld. de) 

t Department of Mathematics, Swansea University, Singleton Park, Swansea SA2 8PP, U.K. 
(e . lytvynovOswansea . ac . uk) 



Convergence of dynamics in continuum 



2 



Here and below, for simplicity of notations, we just write x, y instead of {a;}, {y}. 
The function c(x, y, j\x) describes the rate at which a particle x of configuration 
7 jumps to y, taking into account the rest of configuration, 7 \ x. 

A birth-and-death process in continuum (Glauber dynamics) is a Markov 
process on T with generator 

(L G F)( 7 ) = ]T d(x, 7 \ x)(F( 7 \ x) - F( 7 )) 

+ [ dyb(y, 1 )(F(~ / Uy)-F( 1 )). 

Here d(x, 7 \ x) describes the rate at which a particle x of configuration 7 dies, 
whereas b(x, 7) describes the rate at which, given configuration 7, a new particle 
is born at y. Fore some constructions and discussions of Glauber and Kawsaki 
dynamics in continuum, see [U O [U [UJ H21 H3 El [16] and the references therein. 

The aim of this letter it to show that, in many cases, a birth-and-death 
process may be interpreted as a limiting dynamics of hopping particles. We will 
restrict out attention to the case where the rate c of the Kawasaki dynamics is 
given by 

c(x,y,~f\ x) = a(x - y)exp[E 4 ' (x,j\ x) - £^ + (y,7 \ x)]. 

Here a and <jr^ are even functions on R d (e.g. a{— x) = a(x)), a is bounded, 
a > 0, J Rd a(x) dx = 1, and for x £ ~M. d and 7 £ T, 

provided the sum converges absolutely. Thus, c(x, y,j\x) is a product of three 

terms: the term ( x ^\ x ) describes the rate at which a particle x £ 7 jumps, 

the term e _B * (y^^ describes the rate at which this particle lands at y, and 
finally the term a[x — y) gives the distribution of an individual jump. 

We now produce the following scaling of this dynamics. For each e > 0, we 
define a e (x) :— e d a(ex). We clearly have that L d a E (x) dx = 1. Let c £ denote 
the c coefficient in which function a is replaced by a e , and let L £ denote the 
corresponding Lk generator. Letting e — > 0, we may suggest that only jumps of 
infinite length will survive, i.e., jumps from a point to 'infinity', and jumps from 
'infinity' to a point. Thus, we expect to arrive at a birth-and-death process. To 
make our suggestion more explicit, we proceed as follows. 

2 Convergence of the generator of the scaled 
evolution of correlation functions 

For simplicity, we assume, in this section, that the functions cfy^ are from Co(M d ). 
Then (x, 7) are well defined for each x £ M. d and 7 £ T. 
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Let us briefly recall some basic facts of harmonic analysis on the configura- 
tion space, see [10] for further detail. Let r denote the space of all finite 
configurations in R rf , i.e., T = U^ =0 r (n) , where r(") is the space of all n-point 
configurations in R rf . Clearly, r C T, and we define £>(T ) and B(rW) as the 
trace cr-algebra of T on r and r^, respectively. For a function G : T — > R, 
we define a function {KG)("f) := G{vi), 7 G T, provided the summation 

makes sense. Here 77 <s 7 means that 77 is a finite subset of 7. 

Let p be a probability measure on (T, B(T)). Then there exists a unique 
measure p on (ro,/3(ro)) satisfying 

f (KG)(-f) n{drf) = [ G(rj)p{drj) 

for each measurable function G : Tq — > [0, 00). The measure p is called the 
correlation measure of p. Further, denote by A the Lebesgue-Poisson measure 
on T , i.e., 

00 ^ 

A = S + \ — dx\ ■ ■ ■ dx n - 

TV. 

n=l 

Here 80 is the Dirac measure with mass at 0, and dx\ ■ ■ ■ dx n is the Lebesgue 
measure on T^ n \ which is naturally defined on this space. Assume that the 
correlation measure p of p is absolutely continuous with respect to A. Then k := 
4f is called the correlation functional of p. For a given correlation functional k, 
the corresponding Ursell functional u : Tq — > R is defined through the formula 
^( 7 ?) = YIttevM ""tt (??), where V(r\) denotes the set of all partitions of 77, and 
given a partition 7r = {771, . . . , 77^} of r), u n (r/) := 71(771) • ■ -u(rjk). Recall also 
that a function G : Tq — > R is called translation invariant if, for each x G R d , 
G(r] x ) = G(rj) for all 77 G To, where 77^ denotes the configuration 77 shifted by 
vector x, i.e., 77^ :— {77 + x | 77 G 77}. Clearly, the correlation functional fc 
is translation invariant if and only if the corresponding Ursell functional u is 
translation invariant. 

If fc is the correlational functional of a probability measure p on T, we denote 

k {n) (xi, ...,x n ) := fc({xi, . . . ,x n }), neN, 

and analogously we define u^ n \ The (fc^™-*)^! and (u^)^_ 1 are called the 
correlation and Ursell functions of p, respectively. Note that, if k is translation 
invariant, then fcW = u^- 1 ' is a constant. 

For a function / : R d — > E, we define e\(f,T)) :— Yl xe „ f{%), V G r , where 
IL e /(«) : = !■ Further, let y> : R d -> R. Then 

(^e A ( e V-l,-))(7) = e <¥, ' 7> , 

so that 

[e^p(dj)=f e A (e^-l,77)fc(77)A(^), (1) 
under some proper conditions on (p and fc, see e.g. [10] . 
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Assume that L is a Markov generator on V. Denote L := K^ 1 LK , i.e., L is 
the operator acting on functions on T which satisfies KLG = LKG. Denote 
by L* the dual operator of L with respect to the Lebesgue-Poisson measure A: 

f (LG)(r ] )k(r ] )\(dr ] )= [ G( V )(L*k)(r]) X(drj). 

Assume now that a Markov process on T with generator L has initial distribution 
/io- Denote by fit the distribution of this process at time t > 0. Assume that, for 
each t >0, fa has correlation functional k t . Then, at least at an informal level, 
one sees that the evolution of kt is described by the equation dk t /dt — L*k t , so 
that L* is the generator of evolution of correlation functionals. 

In the case where L = L E , we proceed as follows, First we write L £ = 
L~ + Lf , where 

(L-F)(j) = J2 f dya e (x-y)r(x,y,i\x)(F(i\x)-F(7)), 

{ L t)(l) = V] / dya e (x-y)r(x,y,-r\x){F(-f\xUy) -F(-y\x)). 

Here, r(x,y,^\x) :— exp[£^ (x, 7 \ x) — (y, 7 \ a;)]. We also set 
(L -F)( 7 ) = £ exp^" (x, 7 \ aO](F( 7 \ x) - F( 7 )), 

(L +F)( 7 )= f dyexp[-E^(y, 1 )}(F( 1 Uy)-F( 1 )). 

JR d 

Theorem 1. Let k be the correlation functional of a probability measure fi on 
(T,B(T)), and let u be the corresponding Ursell functional. Assume that the 
following conditions are satisfied: 

i) k fulfills the bound k{n) < (|?y|!) s C'' ? , r\ G r 0; for some < s < 1 and 
C > 0. Here \t]\ denotes the cardinality of set r\. 

ii) k is translation invariant. 

iii) The measure fi has a decay of correlations in the sense that, for any n,m € 
N, a £ R d , a =/= 0, and {x u . . . , x n+m } £ r("+ m ), 

u({xi, x n ,x n+1 + (a/e), . . . , x n+m + (a/e)}) -> as e -> 0. 

Then, for each i] G To, 

(L-*k)( V ) -+ c-(k)(L^k)( V ), (Lt*k)( V ) -+ c + (k)(L+*k)( V ), 

where 

c~(k) := f \(di)e x {e^ + - U)*(0> 

c+(k):=[ A(de)e A (e*"-l,0*:(euO). (2) 
Jr 
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Proof. A straightforward calculation (see [5]) shows that 



<f»X,)~E/*M.-»M«.».*\.) 

x f A(de)fc(CU»?)eA(e*"(— J-^^-l.O, (3) 

x / A(de)*(CU(» 7 \y)Uar)e A (e*"( !e -)-* + (»'-)-l,0, 
^ro 

(i^fe)(7 7 ) = -^exp[^(x,ry\ : r)] 



(L+*fe)(7 ? )=^e X p[-^(y ) r ? \y)] 
yen 



x / A(dOeA(e^ +( ^- ) -l,e)fc((77\y)UO- 



We will now briefly explain the convergence of (L~*k)(rf) (the case of (Lf*k)(r]) 
can be dealt with analogously). From (3) and the definition of A, by making a 
change of variable, we easily have: 



f x 1 71 ( 

(L-*k)(rj) = dya(y)r(x,(y/e)+x,i 1 \x)^2—Y^ 

x / du 1 ---du n T\{e~ 4 ' +av/£)+x ~ u * ) (e 4 '~ {x - u > ) -1)) 

n 

x H (e-^^/^-^-lJfc^U {«!,...,«„}) 
i=fe+i 

/* x n 1 
= ~J2 dya{y)r(x,(y/e)+x,T 1 \x)Y,Y,TuZ m? 

/& n 
d Ul ---d M „TT(e-^ + «^-^'(e " (Ul) -l)) TT (e-^^-l) 

x U {ui + », . . . , ufe + u fc+ i + x + (y/e), ...,u n + x+ (y/e)}). 

Next, represent the correlation functionals in the above expression through a 
sum of Ursell functionals. Using the dominated convergence theorem and con- 
ditions i) and hi), we see that, in the limit, all the Ursell functionals containing 
at least one point from £ U {u\ + x, . . . , + x} and at least one point from 
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{uk+i + x + {y/s), . . . ,Un + x + (y/e)} will vanish, and by virtue of ii), we 
conclude that (L~*k){rj) converges to 



f x n 1 

£ dya{y) exp[£^ (x, ,7 \ x)] £ £ _ 

/fe n 
d Ul ---du„TT(e^^-"*)-i) TT ( e -* + ^)-i) 



) n i=l i=fc+i 

X fc(£ U {ttl, . . . ,Mfe})fc({u fc+ l, . . . , u n }), 

from where the statement follows. □ 

From Theorem [TJ we can make the following conclusion. Assume that a dy- 
namics of hopping particle with Markov generator Lk has initial distribution (j,q. 
Let (j, t be the distribution of this process at time t > 0. Assume that, for each 
t > 0, fit has correlation functional k t which satisfies conditions i)-hi) of Theo- 
rem [T] Further assume that (^{kt),t> 0, given through (2) remain constant. 
Then, we can expect that the scaled dynamics of hopping particles converges 
to a birth-and-death process with generator Lo := c~(fco)£o~ + c + (fco)£() and 
initial distribution We will discuss below two cases where this statement 
can be proven rigorously (at least in the sense of convergence of the generators) . 



3 Convergence of non-equilibrium free dynamics 

This case has been discussed in [14] , so here we will explain its connection with 
Theorem [1] 

Let 9 G £>(r) be the set of those configurations 7 G T for which there exist 
a > d and K > such that 

|7 n B(n)\ < Kn a , for all n G N, (4) 

where B(n) denotes the ball in R d centered at and of radius n. Note that the 
estimate (4) controls the growth of the number of particles of 7 at infinity. 

Let a G S(M. d ) (the Schwartz space of rapidly decreasing, infinitely differen- 
tiable functions on M. d ). Consider a random walk in M. d with transition kernel 
Q(x, dy) :— a(x — y) dy. This is a Markov process in M. d with generator 

(L^f)(x)= f (f(y)-f(x))a(x-y)dy. 

JR d 

The corresponding Markov semigroup on L 2 (R d , dx) is then given by 

( Pt f)(x) = e-*f(x) + [ G{x- y)f(y) dy, (5) 

where G is the inverse Fourier transform of e -t (exp[£(27r) d / 2 a] — 1), where a is 
the Fourier transform of a. (Note that we have normalized the direct and inverse 
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Fourier transforms so that they are unitary operators in L 2 (R d — > C, dx) .) For 
any 7 £ 0, consider a dynamics of independent particles which starts at 7 
and such that each separate particle moves according to the semigroup p t (i.e., 
independent random walks in R d ). Then, this process has cddldg paths on T and 
a.s. it never leaves 0, cf. [14]. The generator of the obtained Markov process on 
is then given by 



(L K F)( 7 )=J2 f dya 



(x-y)(F(j\xUy)-F(j)), (6) 



so that now dr^ = 0. 



Proposition 1. Let /io be a probability measure on T whose correlation func- 
tional fco satisfies conditions i)-iii) of Theorem^ and /io(0) = 1- Consider the 
Markov process on with the generator Lk given by (6) and with the initial 
distribution /j,q. Denote by fit the distribution of this process at time t > 0. 
Then, for each t > 0, fit has correlation functional k t which satisfies conditions 
i)-iii) of Theorem^ and furthermore c~{k t ) = 1 and c + (k t ) = k^, t>0. 

Proof. For each / e Co(M. d ) and t > 0, we have, by (1) and the construction 
of the process: 



(/,7> - 



T- 



n=l 



1 



dxi ■ --dx n fc (n) (xi, ...,x n ) \\(pt{e f - l)){xi) 

i=l 

n 

dx,--- dx n {pt n k^){ Xl , ...,x n ) JJ( e /(-0 - 1). 



Therefore, fi t has correlation functional k t , and furthermore k[ n ^ = pf n k^\ 
The latter equality, in turn, implies that u[ = pf n u^\ From here it eas- 
ily follows that, for each t > 0, fit satisfies assumptions i)-iii) of Theorem [TJ 
Furthermore, by (2), 

c -(fc t )=fe t (0) = 1, 

c+ (k t ) =h({0}) = fc t (1) = Ptk ( o ] = k ( o ] . □ 

Thus, according to Section 2, we expect that the scaled free dynamics with 
initial distribution fi converges to the birth-and-death process with generator 



(L F)( 7 ) = V(F( 7 \ x) - F( 7 )) + fcW f dy (F( 7 Uy) - F( 7 )) 

x£ 7 jRd 



(7) 
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and initial distribution fiQ. This dynamics can be constructed as follows, cf. 
[14l H"9] . For each 768, denote by P 1 the law of a process on 9 which is at 
7 at time zero, and after this, points of 7 randomly die, independently of each 
other, so that the probability that at time t > a particle x £ 7 is still alive is 
equal to e~*. Next, let 7r denote the Poisson point process in K d x (0, 00) with the 
intensity measure fcg dx dt. The measure 7r is concentrated on configurations 
7 = {On, in R d x (0, 00) such that {x n }™ =1 E Q, < tx < t 2 < ■ ■ ■ , and 

t n — > 00 as n — > 00. For any such configuration, we denote by P^ the law of a 
process on such that at time t = 0, the configuration is empty, and then at 
each time t n , n G N, a new particle is born at x„, and after time t n this particle 
randomly dies, independently of the other particles, so that at time s > t n the 
probability that the particle is still alive is e - ^ - *"-*. Finally, the law of the 
process with generator (7) and initial distribution /io is given by 



^0(^7)^7 * [ K(dr/)Pj- 



Here * stays for convolution of measures, see [14] for details. 

We will use T to denote the space of multiple configurations over K d equipped 
with the vague topology, see e.g. [9] for details. Note that T c T, and the trace 
cr-algebra of 23(f) on V is B(T). 

Theorem 2 (|14j). Consider the stochastic process from Proposition 1 as taking 
values in V . Then, after scaling, this process converges, in the sense of weak 
convergence of finite- dimensional distributions, to the Markov process with the 
generator Lq given by (7) and with the initial distribution /iq. 

Note that the limiting process also lives in 0, and we used the T space only 
to identify the type of convergence. 

For reader's convenience, let us explain the idea of the proof of Theorem 2. 
Fix arbitrary = to < ti < t 2 < ■ ■ ■ < t n , n E N, and denote by /xf ti t , 
e > 0, the corresponding finite-dimensional distribution of the initial process 
scaled by e > 0, and that of the limiting process if e = 0, respectively. Then, 
by [9], the statement of the theorem is equivalent to staying that, for any non- 
positive /o, fx, ...,/„ £ C (K d ), 



r r 71 
/ exp 5^ (/<, 7) 



d/4,t 1 ,...,t n (70,7l>--M7n) 



f r n 

/ ex p y2(fi>~f) 



^? , il ,...,i„(7o,7i,--- ! 7n) ase^O. (8) 



For e > 0, denote by p^(x,dy) the transition probability of the Markov semi- 
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group (4) scaled by e. Set 

g E (x);=e f °W P e tl {x,d Xl ) I p e t2 _ h (xi,dx 2 ) 



X • ■ • X 



~ n 

/ pi _ t i (x„_ 1 ,dx„)rfe / ' ( ^ ) , xeR d . 



Then, by (1) and the construction of the process, the first integral in (8) (with 
e > 0) is equal to 



00 „ n 

= l + y^— - / TT(5 £ (^i) - !)fco (^i) ■ ■ ■ ,x n )dxi ■ ■ -dx n . 

t[ nl V)™ ii 

In the above integrals, one represents the correlation functions through the 
Ursell functions, makes a change of variables under the sign of integral, and 
after a careful analysis of the obtained expression, one takes its limit as e — > 0. 
Finally, one shows that the obtained limit is indeed equal to the second integral 
in (8). 

4 Convergence of equilibrium Kawasaki dyna- 
mics of interacting particles 

In this section, we will consider equilibrium dynamics of interacting particles 
having a Gibbs measure as an equilibrium measure. Our result will extend that 
of [7], where just one special case of such a dynamics was considered (see also 
[T5]). We start with a description of the class of Gibbs measures we are going 
to use. 

A pair potential is a Borel-measurable function (f> : M d — > M U {+00} such 
that 4>{-x) = 4>(x) G K for all x e R d \{0}. For 7 6 T and x £ R d \7, we define a 
relative energy of interaction between a particle at x and the configuration 7 as 
E(x, 7) :— Y^ye-y provided that the latter sum converges absolutely, and 

otherwise it is set to be = 00. A (grand canonical) Gibbs measure corresponding 
to the pair potential <p and activity z > is a probability measure /i on (r, B(T)) 
which satisfies the Georgii-Nguyen-Zessin identity: 



{jUx,x) (9) 



/ K d l)y2 F h, x ) = / K dn /) / zdxexp[-E(x,-y)]F 
Jr xej Jr Jw. d 

for any measurable function F : T x W 1 — > [0, +00). A pair potential tj> is said 
to be stable if there exists B > such that, for any r\ 6 Tq, 

J2 4>(x-y)>-B\ v \. (10) 

{x,y}Cr/ 
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In particular, we then have cf>(x) > —2B, x G K d . Next, we say that the 
condition of low activity-high temperature regime is fulfilled if 

\e^ (x) - l\zdx < (2e 1+2S r\ (11) 

where B is as in (10). A classical result of Ruelle [T71 [TS] says that, under the 
assumption of stability and low activity-high temperature regime, there exists 
a Gibbs measure [i corresponding to <f> and z, and this measure has correlation 
functional which satisfies conditions i)-iii) of Theorem[TJ with s = in condition 
i) (which is then called the Ruelle bound). Furthermore, the corresponding 
Ursell functions satisfy u {n) (0, •,...,•) € L 1 ((R d )™- 1 , dx x ■ ■ ■ dx n ) for each n > 2. 
In what follows, we will assume that the potential ip is also bounded from above 
outside some finite ball in R d (which is always true for any realistic potential, 
since it should converge to zero at infinity). 

We now fix arbitrary parameters u, v G [0, 1], and assume that 

| exp[(2(u V v) - l)<f>{x)] - 1| dx < oo. (12) 

It can be easily shown that, if u,v G [0, 1/2], then (12) is a corollary of (11) 
and the condition that <f> be bounded outside some finite ball. Note that, even 
if u V v S (1/2,1], condition (12) still admits potentials which have 'weak' 
singularity at zero. 

We introduce the set J-Cb(Co(R d ), T) of all functions of the form 

r 97 ^F( 7 ) = 5 ((/ 1 , 7 ),...,(/ w , 7 )), 

where N G N, /i, . . . , f N G C (R d ), and g e C b (R N ). Here C b (R N ) denotes the 
set of all continuous bounded functions on M. N . For each F G J r Cb(Co(R d ), T), 
we define 

(L K F)(<y) = / dya{x - y)(exp[uE(x,-y\ x) - (1 - v)E{y,j\x)) 

+ exp[vE{x, 7 \ x) - (1 - u)E(y, 7 \ x)]) (F( 7 \iU»)- F( 7 )). (13) 

Note that the first addend in (13) corresponds to the choice of <j>" = ucf), (j> + = 
(1 — v)(j>, whereas the second addend corresponds to (f>~ = v<p, <p + = (1 — u)cf>. 
In the special case where u = v, we get 



(L K F)(j) =Y] / dya(x -y)exp[uE(x,-f\x) - (1 -u)E(y,^\x)} 

x (F( 7 \xUy)-F( 7 )). 



XG7 ' 



By [13], (Lk, 3~Cb(Co(M. d ), T)) is a Hermitian, non- negative operator in L 2 (T, /x), 
and we denote by (£k, D(Lk)) its Friedrichs' extension. As shown in [13] by us- 
ing the theory of Dirichlet forms, there exists a Markov process on T with cda 
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paths whose generator is (Lk, D(Lk))- If we consider this process with initial 
distribution /i, then it is an equilibrium process, i.e., it has distribution fi t — 
at any moment of time t > 0. Thus, for each t > 0, m = /J, has correlation 
function which satisfies conditions i)-iii) of Theorem [T] 

Lemma 1. Let k denote the correlation function of the Gibbs measure fi under 
consideration. Denote 



Cu ■= J li{di)ex$[-{l -u)(<f>,j)]. 

Then we have: 

r \(d0e x (e-( 1 - u ^-l,0m = C u , (14) 
A(dOeA(e^-l,£)fc(£U0) = zC u . (15) 

r Q 

Proof. Equality (14) follows from (1). Next, using (1), (9), and translation 
invariance of k, we have, for each / £ Co(R d ): 



z 



z 



dxf{x) J /i(d7)exp[-(l-tt)(0,7)] 

dxf{x) I /x(d7)exp[-(l - u)E(x,j)] 
■» Jr 

1 / Kdl)J2f(x)eyip[uE(x,j\x)] 

r xti t<m\x 

z- 1 f Mi) E f^)^ - !> e \ *) 

z- 1 f A(d£)fc(0 E " U \ *) 

sec 

z" 1 / A(d£) / dxfc(^Ua;)/(a;)eA(e u0 - 1,0 



j r j us- 
z- 1 / /(a:) / A^^-zUOMe^-U) 

z^ 1 / /(a;) / A(^)fc(£U0)e A (e^-U), 



from where equality (15) follows. □ 

Thus, by Lemma 1, according to Section 2, we expect that the scaled equi- 
librium dynamics (with initial distribution fi) converges to the birth-and-death 
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process with generator 

(L F)(j) = o {°v cMuE(x, j\x)] + C u exp[vE(x, 7 \ x)}) 

x (F( 7 \ x) - F( 7 ) 

+ / zdy^(C u e X p[-{l-v)E(y, 1 )]+C v exp[-(l-u)E(y, 1 )]) 
Jw 2 

x(F( 7 Uy)-F(j)) (16) 

and the initial distribution /i. In fact, by [13] , (Lo, J 7 Cb(Co(M d ), T))) is a Hermi- 
tian, non-negative operator in L 2 (T, /j,), and its Friedrichs' extension (Lo, D(Lo)) 
is the generator of a Markov process on T with cddldg paths. 

We recall that L e denotes the Lk generator (given by (13)) scaled by e. The 
following theorem states that, at least on an appropriate set of test functions, 
the operator L e converges to Lq in the L 2 -norm. 

Theorem 3. For each f G C (R d ) ; we have e<-f>-> S D(L E ) for all e > 0, ana 
L e e if '' } -> L e {M mL 2 (T,fi) as e -> 0. 

Proof. We will only sketch the proof of the theorem. Let / G C*o(M d ). By 
approximation, one easily shows that, for each e > 0, the function F( 7 ) = e^ 7 ^ 
belongs to D(L £ ), and that the action of L e onto F is given, for e > by the 
right hand side of (13) in which a is replaced by a £ , and for e = by (16), 
respectively. 

Denote 

(£-F)( 7 )=J2 I dya e (x-y) 
xe-r jRd 

x exp[uE(x, 7 \ x) - (1 - w).E(y, 7 \ x)^ 7 ^ (1 - e^), 
(£+F)(7) = E / ^^-W) 

^7^ 

x exp[M£(a;,7 \ 2) - (1 - v)E(y,j\ x)]e {f ^ x) (e f{y) - 1), 
(£ F)( 7 ) = C £ exp[ M i?(x, 7 \ x)]e<^>(l - e**)), 

ie£7 

(£+F)( 7 ) = C u z [ dy exp[-(l - w)E(j/, 7 )]e<^(e / ^ - 1). 
To prove the theorem, it suffices to show that 

IIA^IIz^jT.AO ll^o -P'lll^r^): 

(£±F,/£*V(i>) - ll^lli'O) ( 17 ) 

as e — > 0. To this end, one proceeds as follows. By using (9), one represents 
each of the expressions appearing in (17) in terms of integrals over T with 
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respect to fi, as well as integrals over M. d with respect to Lebesgue measure. As 
a result one gets rid of all summations J2 x e-y Then, one makes a change of 
variables, so that instead of a e (x — y) one gets a(x), and in y variable one gets a 
function which is dominated by an integrable function of y. Next, one replaces 
integration J r ^(d^) • • • by corresponding integration J Tg \(dr))k(rj) ■ ■ ■ . In the 
obtained expression, one represents the correlation functional through a sum of 
Ursell functionals. Finally, one takes the limit as e — > by analogy with the 
final part of the proof of Theorem [T] □ 

By using the well-known result of the theory of semigroups (see e.g. [2]), we 
get the following corollary of Theorem [3] 

Corollary 1. Assume that the set of finite linear combinations of exponential 
functions e^>'\ f £ C Q (R d ), is a core for the limiting generator (Lq, D(Lq)). 
Then, we have the weak convergence of finite- dimensional distributions of the 
scaled Markov process in T with the generator (L s , D(L e )) and with the initial 
distribution to the Markov process in T with the generator (Lq, D(Lq)) and 
with the initial distribution fj,. In particular, if additionally <j) > 0, then this 
kind of convergence holds when u — v = 0. 

We note that the final statement of Corollary [1] holds due to a result of [T2] 
on essential self-adjointness of the generator of Glauber dynamics in the case 
cf> > and u = v = (see also [7]). In the latter case, we even expect that the 
weak convergence of laws holds. To this end, one needs to consider all processes 
as taking values in a negative Sobolev space. The tightness of the laws of scaled 
processes may be proven by analogy with the proof of Theorem 7.1]. Next, 
one shows that this set of laws has, in fact, a unique limiting point — the law 
of the Markov process with generator (Lq, D(Lq)) and initial distribution /iq. 
This is done by identifying the limit via the martingale problem, and using 
convergence of the generators (compare with the proof of [6l Theorem 6.7] and 
that of Theorem 7.5]). 
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